Abstract. We characterize in simple terms the Pak-Stanley labels λ(R) of the regions R of the m-Catalan arrangement. We also propose a simple algorithm that returns R from λ(R). Finally, we characterize in close terms the labels of the relatively bounded regions.
Introduction
The introduction of a construction, due to Pak and Stanley [13] , in which every region R of the Shi arrangement is bijectively labeled with a parking function λ(R), triggered a variety of research projects in several directions. Among them, we refer to the introduction of a different bijective function α, due to Athanasiadis and Linusson [2] , such that α(R) (though in general different from λ(R)) is still a parking function. We refer also to the generalization of the construction to m-Shi arrangements, giving rise to a generalization of parking functions, the m-parking functions [13] , and to a much wider generalization that gives rise to G-parking functions, due to Mazin [9, 10] . Among the projects, of course, some aim at deepening the study of the method in itself, for example by constructing an algorithm that returns R from λ(R) and by proving that λ maps the relatively bounded regions bijectively onto the prime parking functions [3] .
In the meantime, we know the sets of labels of the regions of other arrangements labeled by the same construction, like the Ish arrangement [4] and like some arrangements that interpolate between the Shi arrangement and the Ish arrangement [5] . But we did not know what are the labels of the regions of the Catalan arrangement, perhaps the arrangement closest in structure to the Shi arrangement. This is what is done in this paper. More precisely, we characterize here in simple terms the labels λ(R) of the regions R of the m-Catalan arrangement with the Pak-Stanley labeling. Moreover, we consider the inverse, in the form of an algorithm that returns R out of λ(R). Finally, we also characterize in close terms the labels of the relatively bounded regions. This is done mostly in a self-contained and elementary way.
The key ingredient is the notion of center, that we introduced in the construction of an algorithm that returns R from λ(R) in the Shi arrangement [3] . The center characterizes the Ish parking functions [4] and the labels of the regions of the arrangements that interpolate between the Shi arrangement and the Ish arrangement [5] . Finally, we proved [6] that the centers with a given length occur exactly as often in parking functions as in rook words of the same dimension (rook words were used for labeling the regions of the Ish arrangement [8] ). Note that this notion of center is an extension of the same notion as defined in the cited articles. In this paper, we prove two main properties: first, This work was partially supported by CMUP (UID/MAT/00144/2019) and CIDMA (UID/MAT/04106/2019), which are funded by FCT (Portugal) with national (ME) and European structural funds through the programs FEDER, under the partnership agreement PT2020.
that the center (in the new sense) may characterize the increasing functions that are componentwise less than the maximum label of the fundamental chamber; second, that the center of a ∈ N n does not change if e.g. we reflect a in any of the hyperplanes of equation x i = x j (cf. Figure 1 , where n = 3).
We note that the Catalan arrangement was considered by Athanasiadis in the wider context of general Weyl groups [1] . The Pak-Stanley labeling, however, was not considered.
Preliminaries
As usual, set for integers k, n such that k ≤ n, [k, n] := {k, k + 1, . . . , n − 1, n} and
Definition 2.1. Let n, k > 0 and ℓ ≥ 0 be integers. We define the n-dimensional (k, ℓ)-Coxeter arrangement as the arrangement formed by the (ℓ + k + 1)
Hence, the n-dimensional Shi arrangement is the (1, 0)-Coxeter arrangement. Remember that the regions of the Shi arrangement, the connected components of the complement of the union of the hyperplanes, can be bijectively labeled by using the Pak-Stanley labeling, defined as follows [12, ad.] .
The region R 0 , bounded by the hyperplane of equation x 1 − x n = 1 and by the hyperplanes of equation x i − x i+1 = 0 for i = 1, . . . , n − 1, is labeled with 1 := (1, 1, . . . , 1) ∈ N n 1 . Given two regions, R 1 and R 2 , separated by a unique hyperplane H such that R 0 and R 1 are on the same side of H, if the equation of H is of form x i − x j = 0 [resp. of form x i − x j = 1] then the label of R 2 is equal to the label of R 1 except that the i th coordinate of R 2 is the i th coordinate of R 1 increased by 1 [resp. the j th coordinate of R 2 is the j th coordinate of R 1 increased by 1]. In general, if the equation of H is of form x i − x j = m with 1 ≤ i < j ≤ n and m > 0, then the j th coordinate of R 1 is increased by 1. If 1 ≤ i < j ≤ n but m ≤ 0, then it is the i th coordinate of R 1 that is increased by 1
2
. In here, we prefer to always write the equation in form x i − x j = m with m ≥ 0 (and with either i > j or i < j). In this way, it is always the j th coordinate that is increased by 1. We now consider the same labeling, but applied to the regions of the classical Catalan arrangement, which is the (1, 1)-Coxeter arrangement. In particular, we characterize the labels that occur in the labeling.
Note that, in the case of the Shi arrangement, the set of labels is the set of parking functions [12] , which are the functions for which the unique weakly increasing rearrangement (b 1 , . . . , b n ) satisfies b i ≤ i for every i ∈ [n] (see [14] for a recent survey). But we know more. The n-dimensional m-Shi arrangement, which is the (m, m − 1)-Coxeter arrangement, has (mn + 1) n−1 regions. The labels of the Pak-Stanley labeling in this case form the m-parking functions a for which the unique weakly increasing rearrangement (b 1 , . . . , b n ) satisfies [12] b i ≤ m(i − 1) + 1 . In blue, the labels that are not 2-parking functions, and within the rectangles the permutations corresponding to the six chambers (right).
Finally, we note that the n-dimensional m-Catalan arrangement is the (m, m)-Coxeter arrangement. The number of regions of this arrangement is
is a Fuss-Catalan number. In this paper we also characterize the Pak-Stanley labels of these regions, and show that the labeling is bijective. For an example, see Fig. 1 , where the 3-dimensional 2-Catalan is represented with the 72 = 9!/7! regions thus labeled. We will further show that the Pak-Stanley labeling of the regions of the (k, ℓ)-Coxeter arrangement is bijective if and only if either k = ℓ + 1 (so that the arrangement is the k-Shi arrangement) or k = ℓ (where the arrangement is the k-Catalan arrangement).
2.1. The chamber of a permutation. Note that every (k, ℓ)-Coxeter arrangement is a refinement of the braid arrangement, that consists of the hyperplanes of equation x i = x j for 1 ≤ i < j ≤ n. A region R of the braid arrangement is the set of points of coordinates (x 1 , . . . , x n ) that satisfy (2.1)
for a given (obviously unique) permutation π = (π 1 , . . . , π n ) ∈ S n . We call R the chamber of π.
For a ∈ N n and for a permutation of [n], π ∈ S n , let
and 
In any (k, ℓ)-Coxeter arrangement and in every chamber of a permutation π ∈ S n there is a unique region r π whose border contains the line defined by x 1 = x 2 = · · · = x n . The Pak-Stanley label of this region is µ(π) := 1 + I(π), where I(π) is the inversion table of π, defined above [13, ad.] . Since the hyperplanes that divide the chamber do not separate the points of R 0 from the points of r π , the label µ(π) is minimal in the chamber. More precisely, the label of any other region in the chamber is µ(π) increased by e j (the vector with all coordinates zero but the jth, equal to 1) for every plane of equation x i − x j = m with m > 0 that separates the region from r π . In particular, this label is componentwise greater than µ(π).
For any positive integer q and every π ∈ S n , we may choose a point P q in the chamber of π such that
Hence, for sufficiently large q, P q is separated from r π by all hyperplanes of form x π i −x π j = m with 1 ≤ i < j ≤ n and either with m ∈ [k] if π i < π j or with m ∈ [ℓ] if π j < π i . This means that the region R π of the (k, ℓ)-Coxeter arrangement that contains P q is labeled with
This label is componentwise greater than any other label in the chamber, and, being k > 0 and ℓ ≥ 0, it is indeed maximal in the set of labels. Note that, according to Mazin [9] , the set L of labels of the regions of the (k, ℓ)-Coxeter arrangement is the set of G-parking functions for the multi-digraph G = (V, A) with set of vertices V = [n] and with k arcs (i, j) and ℓ + 1 arcs (j, i) for every 1 ≤ i < j ≤ n (Cf. Figure 1) . Remember that a function f : [n] → N 0 is a G-parking function if for every non-empty subset I ⊆ [n] there exists a vertex v ∈ I such that the number of elements w / ∈ I such that (v, w) ∈ A, counted with multiplicity, is greater than f (i). Hence, by definition of G-parking function, L is a lower set in the componentwise order, i.e., if a ∈ L and b ∈ N n is componentwise less that a, then b ∈ L.
The fundamental chamber. The chamber of the identity is the fundamental chamber
Note that the only hyperplanes that cross the fundamental chamber are those of equation x i − x j = m with i < j and m > 0 since x i − x j < 0 if i > j for every point P (x 1 ,...,xn) in the chamber. Hence all the fundamental chambers of the (k, ℓ)-arrangement for k fixed coincide, even in terms of the regions that divide the chamber. These regions may be defined by considering the refinement of (2.3) of form
where 0 ≤ i 1 , i 2 , . . . , i n−1 ≤ k but where the term x j + i j−1 + 1 is omitted for every j ∈ [n − 1] such that i j = k. Such a region is hence labeled
In particular, the maximal label is
, which means that the labels of the regions in the fundamental chamber are exactly the weakly increasing vectors (a 1 . . . , a n ) ∈ N n for which (2.5) We may represent M(Id [n] , k, k) =: (m 1 , . . . , m n ) as a Dyck path through the points (m i , i − 1) (aligned in the diagonal d that joins (1, 0) to (kn + 1, n)) and (m i , i) for every i ∈ [n], and ending at (kn + 1, n) (see Figure 2) . Hence, the labels of the regions of the fundamental chamber correspond to the Dyck paths weakly above or to the left of d. By [7, Theorem 10.4.5] , the number of regions is the Fuss-Catalan number
2.3. The case k = ℓ. Let π ∈ S n , consider the action of π on R n defined by
and note that the fundamental chamber of any (k, ℓ)-Coxeter arrangement is mapped onto the corresponding chamber of π, since
For the same reason, if some point P (x 1 ,...,xn) of the fundamental chamber is contained in the set defined by x i −x j < m [resp., This also means that, if a is the Pak-Stanley label of the region that contains P and b is the Pak-Stanley label of the region that contains π(P ), then
Example 2.2. The maximal label of the fundamental chamber in Figure 1 is
The points of the region labeled with 112 verify
and whence the region is the intersection of the half-spaces defined by
whereas e.g. the region labeled 125 verifies (note that k = 2) 
The cases
we are in the presence of the k-Shi arrangement, where the Pak-Stanley labeling bijectively labels the regions with k-parking functions. In the sequel, we prove that the same happens if k = ℓ. More precisely, we prove that in this case the Pak-Stanley labeling is also injective (and the image is the set of k-Catalan functions). In order to prove that the same does not happen when ℓ = k = ℓ + 1, we distinguish two cases, when k > ℓ + 1 and when k < ℓ.
In the first case, we consider the points in dimension n P (0.8,k+0.3,0,−0.4/n,−0.5/n,...,−0.1) and Q (1.2,k−0.3,0,−0.4/n,−0.5/n,...,−0.1) .
4 A similar calculation shows that in the m-Shi arrangement the maximal label of the chamber of π is
Since the set L of labels of the regions of the (k, ℓ)-Coxeter arrangement is a lower set, L is the set of m-parking functions.
Their position differs exactly in relation with the hyperplanes of equation x 1 −x 3 = 1 and x 2 − x 3 = k, and so, on the one hand, they are in different regions of the arrangement, and on the other hand, the two regions are labeled with the same label (V. Figure 3 ). If k < ℓ, then we take These points differ exactly on the position relative to the hyperplanes of equation x 3 = x 1 and x 2 − x 1 = ℓ, and again the two corresponding regions receive the same label. Note that the labels of the (k, ℓ)-Coxeter arrangement are the reverse of the labels of the (ℓ + 1, k − 1)-Coxeter arrangement (cf. Figure 3) . To see this, since the corresponding sets of labels are lower sets, it is sufficient to see that the maximal labels are reverse to each other. But, if π ∈ S n and ρ −1 = Reverse(π −1 ), then D(ρ) = U(π) and U(ρ) = D(π), and then, according to (2.2), = (a 1 , . . . , a n ) ∈ N n and consider an integer p. The p-center of a, Z p (a), is the largest subset X = {x 1 , . . . , x q } of [n] with 1 ≤ x q < x q−1 < · · · < x 1 ≤ n and with the property that a
If a is a label of the m-Catalan arrangement in dimension n, we call center of a to z(a) := z 0 (a), z 1 (a), . . . , z (n−1)m (a) .
Hence, in particular, z(a) is weakly increasing. See Figure 4 for one interpretation of the concept of center in this way. We present now our Key Lemma. 
Now, suppose that b i ≤ b i+1 and that we swap i and i+ 1 in π; then
We finish the proof by noting that ρ
We now introduce a new function, defined by p(a) i being the minimal position of i in the sequence of centers of a.
Proposition 3.4. Let π ∈ S n , let a ∈ N n be the label of a region R in the fundamental chamber of the m-Catalan arrangement, let b be the label of the region π(R), and let p ∈ {0, 1, . . . , (m − 1)n}. Then
Proof. It is sufficient to prove that, if π, ρ, b and c are as described in Lemma 3.2, then π(i) ∈ Z j (b) if and only if ρ(i) ∈ Z j (c). This fact follows immediately from Lemma 3.2.
For the second part, note that a is weakly increasing, and that, for any
Remark 3.5. Note that I, the inversion table, defines a bijection from S n onto
(cf. [11, p. 36] ; for a convenient method for obtaining π from I(π) see S-parking [3] ). Hence, b defines π under the conditions of Proposition 3.4, and of course π defines b.
In particular, the number of different labels of the regions of the same orbit under the action of S n is n!. Consider now e.g. b = 612, which, as we said before, belongs to the orbit of a = 124 (cf. Figure 1) , which has center z(a) = (1, 2, 2, 3, 3) . We can see that also z(b) = (1, 2, 2, 3, 3 
Hence, a − p(a) = 612 − 301 = 311 and so, by Proposition 3.4, I(π) = 200. It follows that π = 2 3 1 (cf. Figure 1) . But we can obtain this result in an easier, pictorial way, by using a representation similar to that of Figure 4 (cf. Figure 5) . We come to this in Subsection 4.2 with the labeled Dyck paths. Theorem 3.7. In the m-Catalan arrangement, the center is S n -invariant. More precisely, z(a) = z(b) if and only if a and b label two regions that belong to the same orbit under the action of S n .
Proof. That if a and b label two regions that belong to the same orbit under the action of S n , then z(a) = z(b), follows immediately from Proposition 3.4. For the other direction, consider the representation of the label a = (a 1 , . . . , a n ) ∈ N n of a region of the fundamental chamber as a Dyck path through (a i , i − 1) and (a i , i) for every i ∈ [n], ending at (kn + 1, n) and lying above d, as described before, and note that in general we may read the centers as indicated in Figure 4 . In words, since a is weakly increasing,
On the opposite direction, this means that if z = (z 1 , . . . , z (m−1)n ) and a = (a 1 , . . . , a n ) are weakly increasing and z = z(a), then
m-Catalan functions
We are now able to characterize the labels in the Pak-Stanley labeling of the m-Catalan arrangement.
Definition 4.1. An m-Catalan function of dimension n is a = (a 1 , . . . , a n ) ∈ Z n such that, for every i ∈ [n],
chamber, the weakly increasing functions a = (a 1 , . . . , a n ) ∈ N n such that a i ≤ 1+(i−1)m for every i ∈ [n] (cf. (2.5)). But then
We now prove that a weakly increasing m-Catalan function a = (a 1 , . . . , a n ) is the label of a region of the fundamental chamber. We have seen that, if a 1 ≤ · · · ≤ a n and z(a) = (z 0 , . . . , z (m−1)n ), then
(cf. (2.5)) is then to say that = (a 1 , . . . , a n ) ∈ Z n such that, for every i ∈ [2, n],
For example, in the 3-dimensional 2-Catalan arrangement, 251 is prime but 451 is not. In fact, z(251) = 12223 but z(451) = 11123: whereas e.g. z 1 (251) = 2, z 1 (451) = 1. Proof. Note that every orbit of a region under the action of S n either contains only relatively bounded regions or only relatively unbounded regions. Hence, by Proposition 3.4, all we have to show is that the prime m-parking functions are exactly the prime mCatalan functions in the fundamental chamber. We have seen before (3.1) that, given a = (a 1 , . . . , a n ) with a 1 ≤ · · · ≤ a n , z i (a) = max{j ∈ [n] | a j ≤ i + 1}. Hence, we obtain a representation similar to that of Figure 4 , where we can easily read a such that z = z(a) for the label a of a region of the fundamental chamber: at each level, we just take the first coordinate of the rightmost point of the path. We may use such a drawing to see if b is an m-Catalan function or if it is prime. But things get more interesting if, at each level i, the corner closest to the rightmost point of the path is filed with an element of Z i (b) \ Z i−1 (b). If there is only one corner to fill at each level, then we obtain, written from bottom to top, π, the permutation to whose chamber belongs b. Two examples are presented in Figure 5 . Note that 612 belongs to the orbit of 124 and 513 to the orbit of 133, both on the chamber of 2 3 1.
We present a last example in Figure 6 , where we represent the centers of b = 39 551 481. Note that Z 0 (b) = {1, 5, 8} = Z 1 (b) and Z 2 (b) = {1, 3, 4, 5, 6, 8}. To order the "towers" in a convenient way, note that, by Proposition 3.4, I(π) = b − p(b) − 1 = 39 551 481 − 03 220 260 − 11 111 111 = 25 220 110. Now, it is easy to see that π = 5 8 1 3 4 6 2 7. The label of the region of the fundamental chamber that belongs to the orbit of b under the action of S n is a = 11 133 347 and can be directly read from the picture. 
